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Tapering

Wikipedia: 

… In mathematics, physics, and theoretical computer graphics, tapering is a kind of 

shape deformation.

… Acoustic resonance is an important consideration for instrument builders, as most 

acoustic instruments use resonators, such as the strings and body of a violin, the 

length of tube in a flute, and the shape of a drum membrane. Acoustic resonance is 

also important for hearing. For example, resonance of a stiff structural element, called 

the basilar membrane within the cochlea of the inner ear allows hair cells on the 

membrane to detect sound. (For mammals the membrane has tapering resonances 

across its length so that high frequencies are concentrated on one end and low 

frequencies on the other.)

FEL physics:

In the context of free electron lasers, undulator tapering refers to variation of undulator

parameters along the undulator (field and (or) period) in order to control resonance 

properties of the amplification process. 
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Practical use of undulator tapering

• Positive tapering: undulator K decreases along the undulator length. Can 

be used for: 

- Compensation of  the beam energy loss due to spontaneous  undulator

radiation;

- Compensation of the energy chirp in the electron beam;

- Increase power of a high-gain FEL after 

saturation (post-saturation taper).
• Negative (reverse) tapering: undulator K increases along the undulator

length. Can be used for: 

- Compensation of the energy chirp in the electron beam;

- Suppression of the radiation from the main undulator for organization of 

effective operation of afterburners (e.g., circular polarization).       

- Application in the scheme of attosecond SASE FEL.

- Increase power of FEL oscillator.  
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A concept of post-saturation undulator tapering
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Experimental verification of the undulator tapering 

at LLNL: FEL amplifier



E.A. Schneidmiller, M.V. Yurkov, XFEL Beam Dynamic Meeting, June 16, 2020

6

Undulator tapering in the presence of diffraction 

effects

• The problem of optimum undulator tapering in the presence of diffraction 

effects is now a “hot” topic due to practical applications for X-ray FELs and 

potential industrial applications. 

• Empirical tapering dependencies known so far from the literature are 

physically inconsistent with the asymptotical behavior of  the radiation 

power produced in the tapered section. 

• Here we present our view of the problem based on the recent findings:

− Optimization of a high efficiency free electron laser amplifier, Phys. Rev. ST AB, 18, 

030705 (2015); 

− The universal method for optimization of undulator tapering in FEL amplifiers, Proc. 

of SPIE Vol. 9512 951219-1 (2015); 

− Statistical properties of the radiation from SASE FEL operating in a post-saturation 

regime with and without undulator tapering, J. Modern Optics, 

DOI:10.1080/09500340.2015.1035349 (2015).
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Undulator tapering in the presence of diffraction 

effects
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Undulator tapering in the presence of diffraction 

effects

The key element for understanding the physics of the undulator tapering are the 

properties of the radiation from modulated electron beam.

Indeed, in the case of tapered FEL the beam bunching is frosen (particles are 

trapped in the regime of coherent deceleration). 

Thus, we deal with the electron beam modulated at the resonance wavelength. 

If we know the radiation power of the modulated electron beam as function of the 

undulator length, we know the law of the undulator tapering. 

The problem of the radiation of modulated electron beam has been solved (Nucl. 

Instrum. and Methods A 539, 499 (2005)),  and connected with the problem of the 

undulator tapering  in Phys. Rev.  ST AB 18 (2015) 030705. 
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Radiation of modulated electron beam
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Radiation of modulated electron beam
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Application of similarity techniques
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12Global numerical optimization versus 

the universal law of the undulator tapering
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the universal law of the undulator tapering and the rational fit
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Trapping process for optimum tapering: how it works

Top: tapered

Bottom: untapered
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Trapping process
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SASE FEL: Optimum tapering
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SASE FEL, optimum tapering: how it works

• Left: slice radiation power and 

energy loss; phase space

• Right: bunching, average power, 

particle energy spectrum

Bunching

Radiation power

Energy loss

z

z
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FLASH2: Undulator tapering for efficiency increase

• Optimum conditions of the undulator tapering assume the starting point to be by two field gain 

lengths before the saturation point (corresponding to the maximum brilliance of the SASE FEL 

radiation).

• Saturation point on the gain curve is defined by the condition for fluctuations to fall down by a 

factor of 3 with respect to their maximum value in the end of exponential regime. 

• Then quadratic law of tapering is applied (optimal for moderate increase of the extraction 

efficiency at the initial stage of tapering).

Use of statistical measurements for tuning optimum undulator tapering:

Experimental results from FLASH 2, January-May 2016
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European XFEL: Hints for optimization of tapering

Hint for the current situation with tapering optimization: 

• Tune SASE with untapered undulator to maximum pulse energy. 

• Measure gain curve along the undulator with FEL imager 

(radiation pulse energy and its fluctuations).

• Saturation point is defined by a factor of 3 suppression of 

fluctuations. 

• Set start of tapering around 0.8 of saturation length for quadratic 

tapering law (this point is also close to the point with maximum 

fluctuations), and about 0.9 for linear tapering law.

• Optimize tapering strength coefficient. 

Proposal for the future: 

• Launch experimental program for investigation and 

implementation of the universal tapering law. 

Experiment on 31.07.2017
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Undulator tapering in presence of diffraction effects: Conclusion

• The general law for optimum  undulator tapering in the presence of diffraction effects 

is simple analytical expression with two fitting coefficients 

• Key elements are knowledge of the radiation properties of modulated electron beam 

and application of similarity techniques in the FEL theory. 

• Investigation of the case of “cold” electron beam allows one to isolate diffraction 

effects in the most clear form, and the optimum tapering law is the function of the 

only diffraction parameter B. 

• Extension of this approach with including energy spread and emittance effects is 

straightforward and will result just in corrections to the fitting coefficients without 

changing the general law as we demonstrated for the case of SASE FEL. 

Thank you very much for your attention!
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Literature sources used or referenced in the talk
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Backup slides
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Properties of the radiation: tapered versus untapered

SASE3: 1.6 nm @ 14 GeV
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24Properties of the radiation: tapered versus untapered

SASE3: 1.6 nm @ 14 GeV

1st harmonic 3rd harmonic
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25Properties of the radiation: tapered versus untapered

SASE3: 1.6 nm @ 14 GeV
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26Properties of the radiation: tapered versus untapered

SASE3: 1.6 nm @ 14 GeV
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Energy bands in early 1D simulations

Tutorial example from a book (1D FEL theory) 

Revisited: the same code (FAST), just more macroparticles

Phase space

Energy spectrum
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28Experimental verification of the undulator tapering 

at Jefferson Lab: FEL oscillator


