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▪ Overview of the method

▪ New developments since 2018

- Surface impedance boundary conditions / lossy walls

- S-Parameter concatenation for impedances

- Simulation of corrugated plate dechirper
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▪ Wakefields → wake potentials → impedances

- Solve Maxwell’s equations in the time domain

• FIT/Cartesian grids/ Dispersion-free methods

• Co-moving computational window

• Indirect integration

• …

- Impedance by Fourier transform:

Motivation
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▪ Long range wakefields
- Low frequency, long bunches, bunch trains, long wake transients

▪ Approximation of geometry
- Curved geometry, small details, smooth tapers

▪ Dispersive problems
- Surface impedance, dielectrics

- Free-space and waveguide boundary conditions

▪ Radiation fields
- Curved beam trajectories (CSR)

- Wakefields in β-graded cavities

▪ Periodic / quasi-periodic structures

Motivation
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▪ The frequency domain problem

▪ Weak FEM formulation: find 𝐸 ∈ 𝐻(𝑐𝑢𝑟𝑙) such that:

Frequency Domain Formulation

𝛻 × 𝜇−1𝛻 × 𝐸 − 𝑘0
2휀𝐸 = −𝑗𝑘0𝑍0𝐽𝑠 𝐽𝑠 𝑥, 𝑦, 𝑧, 𝜔 = 𝛿(𝑥 − 𝑥0)𝛿(𝑦 − 𝑦0)𝑒

−𝑖
𝜔
𝑣𝑧

න𝑑𝑉𝜇−1 𝛻 × 𝐸 ∙ 𝛻 × 𝑣ℎ − 𝑘0
2න𝑑𝑉휀 𝐸 ∙ 𝑣ℎ = −𝑗𝑘0𝑍0න𝑑𝑉 𝐽𝑠 ∙ 𝑣ℎ

+ර
𝑆

𝑑𝑆 𝑛 ∙ 𝑣ℎ × 𝜇−1 𝛻 × 𝐸
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boundary term ∀ 𝒗𝒉 ∈ 𝑯 𝒄𝒖𝒓𝒍



▪ Treatment of boundary surfaces

▪ Resistive wall boundary

Simple modification of the system matrix on SIBC surfaces

No fitting of the surface impedance function or ADE/convolution is needed

Frequency Domain Formulation

ර
𝑆𝑆𝐼𝐵𝐶

𝑑𝑆 𝑛 ∙ 𝑣ℎ × 𝜇−1 𝛻 × 𝐸 = ⋯ = 𝑗𝜔𝒀𝑺(𝝎)ර
𝑆𝑆𝐼𝐵𝐶

𝑑𝑆 𝑣ℎ ∙ 𝑛 × 𝑛 × 𝐸

න𝑑𝑉𝜇−1 𝛻 × 𝐸 ∙ 𝛻 × 𝑣ℎ − 𝑘0
2න𝑑𝑉휀 𝐸 ∙ 𝑣ℎ =

−𝑗𝑘0𝑍0න𝑑𝑉 𝐽𝑠 ∙ 𝑣ℎ +න
𝑺𝑺𝑰𝑩𝑪

𝒅𝑺 𝒏 ∙ 𝒗𝒉 × 𝝁−𝟏 𝜵 × 𝑬 +න
𝑆𝑊𝐺

𝑑𝑆𝑛 ∙ 𝑣ℎ × 𝜇−1 𝛻 × 𝐸

resistive wall in & outgoing pipes
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▪ Treatment of boundary surfaces

▪ Beam pipe boundaries

Frequency Domain Formulation

න𝑑𝑉𝜇−1 𝛻 × 𝐸 ∙ 𝛻 × 𝑣ℎ − 𝑘0
2න𝑑𝑉휀 𝐸 ∙ 𝑣ℎ =

𝑛 × 𝛻 × 𝐸 = 𝑛 × 𝛻 × 𝐸𝑖𝑛𝑐 +

𝑚

𝑎𝑚
𝑇𝐸𝛾𝑚

𝑇𝐸𝑒𝑚
𝑇𝐸 +

𝑚

𝑎𝑚
𝑇𝑀

−𝑘0
2

𝛾𝑚
𝑇𝑀 𝑒𝑚

𝑇𝑀

𝑎𝑚
𝑇𝐸 = න

𝑆𝑊𝐺

𝑑𝑆𝑒𝑚
𝑇𝐸 ∙ 𝐸 − 𝐸𝑖𝑛𝑐

𝑎𝑚
𝑇𝑀 = න

𝑆𝑊𝐺

𝑑𝑆𝑒𝑚
𝑇𝑀 ∙ 𝐸 − 𝐸𝑖𝑛𝑐

Reflection coefficients for each mode

−𝑗𝑘0𝑍0න𝑑𝑉 𝐽𝑠 ∙ 𝑣ℎ +න
𝑆𝑆𝐼𝐵𝐶

𝑑𝑆 𝑛 ∙ 𝑣ℎ × 𝜇−1 𝛻 × 𝐸 + න
𝑺𝑾𝑮

𝒅𝑺𝒏 ∙ 𝒗𝒉 × 𝝁−𝟏 𝜵 × 𝑬

resistive wall in & outgoing pipes
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▪ Beam pipe boundary excitation

- For an ultra-relativistic bunch (same idea for β < 1):

2D-electrostatic problem at both ends of the pipe

- Modal contribution to the RHS

…do this for all waveguide modes supported in the pipe

Frequency Domain Formulation

𝛻𝑡 ∙ 𝐸
𝑖𝑛𝑐 =

1

휀0
𝜌(𝑥, 𝑦)𝑒−𝑖𝑘0𝑧0

𝛻 × 𝐸𝑖𝑛𝑐 = 0

𝐸1
𝑖𝑛𝑐 𝐸2

𝑖𝑛𝑐

𝑈𝑚
𝑇𝐸 𝐸𝑖𝑛𝑐 = −𝛾𝑚

𝑇𝐸 න
𝑆𝑊𝐺

𝑑𝑆 𝑣ℎ ∙ 𝑒𝑚
𝑇𝐸 න

𝑆𝑊𝐺

𝑑𝑆 𝑒𝑚
𝑇𝐸 ∙ 𝐸𝑖𝑛𝑐

𝑈𝑚
𝑇𝐸 𝐸𝑖𝑛𝑐 →∙ 𝐔𝑚

𝑇𝐸∙ 𝐞𝑖𝑛𝑐 = −𝛾0
𝑇𝐸𝐑𝑇 ∙ 𝐌𝑚

𝑇𝐸∙ 𝐑2𝐷 ∙ 𝐞𝑖𝑛𝑐
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▪ Collimator – hybrid meshes

Frequency Domain Formulation
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▪ Collimator – impedance

Frequency Domain Formulation

Comparison with 
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▪ Resistive wall round pipe

- Analytical solution

Resistive Wall Impedance

28.11.2019  |  TU Darmstadt  |  Fachbereich 18  |  Institut Theorie Elektromagnetischer Felder  |  PD Dr.rer.nat. Erion Gjonaj  |  11

𝑍 𝜔 = 𝐿
1 + 𝑗

2𝜋𝑅

𝜔𝑍0
2𝑐𝜎(𝜔) 𝐿 = 30𝑚𝑚

𝑅 = 5𝑚𝑚
𝐓𝐢𝐀𝐥 − 𝝈 = 𝟎. 𝟓𝟖𝐌𝐒/𝐦

Frequency / GHz

R
e
(Z

) 
/ 


/m
m

0 1 2 3 4 5 6 7 8 9 10
0

0.002

0.004

0.006

0.008

0.01

Analytical
cst 100
cst 200
cst 400
pbci 40
FD

• Large mesh errors in time 

domain codes

• Sparse unstructured mesh

• Few evaluation points in the 

frequency domain



▪ Equivalent circuit representation

Generalized S-Matrix Formulation
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▪ Coupled S-Parameter Calculation with Beam (CSC-Beam)

- Total coupling matrix:

Generalized S-Matrix Formulation
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⋮
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▪ Two cavity / two mode coupling example

Generalized S-Matrix Formulation
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Cavity 1:

Cavity 2:
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𝑖𝑏
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𝑢𝑏
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▪ Tesla 1.3GHz cavity

1.3 GHz TESLA cavity
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Downstream Cell 1 Cell 2 Cell 3 Upstream

15 TE-Modes

(𝑓𝑚𝑎𝑥 = 8.2GHz)

15 TM-Modes

(𝑓𝑚𝑎𝑥 = 10.6GHz)

15 TE-Modes

(𝑓𝑚𝑎𝑥 = 8.2GHz)

15 TM-Modes

(𝑓𝑚𝑎𝑥 = 10.6GHz)

TEM, …



▪ Tesla 1.3GHz cavity

1.3 GHz TESLA cavity
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10 Modes



▪ Tesla 1.3GHz cavity

1.3 GHz TESLA cavity
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30 Modes



▪ Dechirper (LCLS, E-XFEL)

- Steady state losses

Periodic Structures

03.07.2019 |  TU Darmstadt  |  Fachbereich 18  |  Institut Theorie Elektromagnetischer Felder  |  PD Dr.rer.nat. Erion Gjonaj  |  18

s (mm)

W
z 

(V
/p

C
/m

m
)

-30 0 30 60 90 120 150 180 210 240 270
-25

-20

-15

-10

-5

0

5

10

15

20

25

Lambda (1/cm) - 100 um
Wz - CST

100µm bunch

z / m

P
 / 

W
/m

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0.5

0.6
0.7

1

2

3

4

5

6
7

10

2020

P = 1.23 W/m

P = 2.88 W/m

P = 6.68 W/m

P = 13.5 W/m

w = 1.5mm
w = 3mm
w = 6mm
w = 12mm
w = 3mm - fit
w = 6mm - fit
w = 12mm - fit

Frequency / THz

Im
p
ed

ac
e 

/ M
O

h
m

/m

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

0.2

0.4

0.6

0.8

1



▪ Dechirper (LCLS, E-XFEL)

- Single period computation layout

Periodic Structures
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Periodic Structures
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Summary & Conclusions
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▪ The frequency domain approach

- Fills the gap for some important wakefield/impedance problems

• Complicated chamber geometry, long range / low frequency fields, resistive, rough 

surfaces, dispersive materials, beam signals on waveguide openings

- FEM Frequency domain formulation

• Beam port boundary conditions

• Mixed mesh discretization

- Concatenation using generalized S-Matrix formulation

• Efficient /accurate impedance computation of large cavity chains

• Periodic structures (dechirper)

- Accurate lossy wall impedances

- Limitations: huge size of discrete problem for ultra-high frequencies

• ToDo: Domain decomposition 

• ToDo: Parallel multigrid solvers

• ToDo: Fast frequency sweeps and spectral evaluation by MOR,…



Thank You for your attention




