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gauged supergravity description

gauged supergravity and flux compactifications
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T6

flu
xes, .

..

twists, ...
non-geom, ...

IIB

Dµ = ∂µ − Aµ
M

ΘM
α
tα

vector fields

generators

embedding tensor ϴ = ( HMNK, ... )



‣ general
action completely determined in terms of ϴ 
in particular scalar potential 

‣ consistency
encoded in a set of algebraic constraints on ϴ 
linear & quadratic

‣ duality 
gaugings employ rank p antisymmetric tensors together with 
their dual rank (D–p–2) tensors 

                                                        on–shell               

D=4:  scalars  ⇄  two-forms
        vectors  ⇄  vectors      em – duality

D=2:  scalars  ⇄  scalars       integrability

fαβ
γ ΘM

α ΘN
β + (tα)N

P ΘM
αΘP

γ = 0
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gauged supergravity

dA = ∗ dB + · · ·

V (Φ,Θ)



       IIA                        IIB                                 

T6

different field content (vectors)
different off-shell symmetries

em duality                                          

dualities

duality covariant formulation
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Dµ = ∂µ −Bµ
KΘK

β tβDµ = ∂µ −Aµ
MΘM

α tα

a priori different deformations

flu
xes, .

..

twists, ...
flu

xes, .
..

twists, ... T6

dA = ∗ dB + · · ·



duality covariant formulation
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‣ standard construction depends on symplectic frame
       IIA                                                                    IIB                                 

duality                                          
T6

flu
xes, .

..

twists, ...T6

flu
xes, .

..

twists, ...
...

 ??

... ??
...

  ??

...  ??

duality                                          

▸  universal (duality covariant) formulation

Dµ = ∂µ − Aµ
M

ΘM
α
tα = ∂µ − Aµ

Λ
ΘΛ

α
tα − Aµ ΛΘ

Λ α
tα

electric gauging (“standard”)

magnetic gauging (“non-standard”)
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4D: electric magnetic duality

covariant formulation:

➜  consistency requires further coupling to 2-form tensors!

▸  modified field strengths

Hµν
M = 2∂[µAν]

M + X[NP ]
M

Aµ
N

Aν
P + 1

2 ΘM,α
Bµν α

Dµ = ∂µ − Aµ
M

ΘM
α
tα = ∂µ − Aµ

Λ
ΘΛ

α
tα − Aµ ΛΘ

Λ α
tα

electric gauging (“standard”)

magnetic gauging (“non-standard”)

▸  and additional topological term

in order to yield a gauge invariant Lagrangian.

Ltop = − 1
8
ΘΛα

Bα ∧

(

2 ∂AΛ + XMNΛ A
M
∧ A

N
− 1

4
ΘΛ

β
Bβ

)

+ · · ·



‣ Universal (duality covariant) gauged Lagrangian 

▹  in particular scalar potential 

‣ Various ways of gauge fixing  

▹  e.g. integrate out 2-forms  →  symplectic rotation
▹  e.g. integrate out scalars   →  massive 2-forms
▹  “non-standard” gauged supergravities
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4D: duality covariant formulation

V (Φ,Θ)



examples:   N=8 supergravity

Invariance group  G  = E7      — embedding tensor
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➜   quadratic constraint                         

Θ Θ:    912 x  912   =  133  +  1463  +  8645  +  152152  +  253935

flux gaugings can be constructed and analyzed
using representation theory and branchings of  E7

s

carry (up to) 56 vectors,  133 2-forms,  912 3-forms

Dµ = ∂µ − Aµ
M

ΘM
α
tα

➜   linear constraint       Θ :      56 x 133   =  56 +  912  + 6480

28 el. + 28 magn. vector fields generators



7 21’ 21 7’
7’ 1 35’ 7+140
35 35’ 140
1 7
48 7+140

examples:   N=8 supergravity

➜  gaugings from M-theory fluxes and torsion:   SL(7) ⊂ E7

 embedding tensor  912  ⇡  1 + 35’ + 7 + 140 + ...

Dµ = ∂µ − Aµ
M

ΘM
α
tα
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〈F̃klmnpqr〉

〈Tmn
q〉

〈Fklmn〉 [Dall’Agata, D’Auria, Ferrara, 
Trigiante, 2005]

[Aurilia, Nicolai, Townsend, 1980]1  

35’

7+140

       ●  
       ●
       ●

 7-form flux 

 4-form flux 

 twist

912

▹ grading:  torus size
▹ quadratic constraint 

▹ couplings 
   vector fields & generators

}



(6’,1) (6,2) (20,1) (6’,2) (6,1)

(1,2) (6,1) (20,2)
(15,1) (6,1) (20,2)
(15’,2) (20,2)

(1,1)

examples:   N=8 supergravity

➜  gaugings from IIB fluxes:   SL(6) x SL(2) ⊂ E7

embedding tensor  912  ⇡  (6,1) + (20,2) + ...
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couplings 
vector fields & generators

(6,1)  

(20,2)

(84,1)

       ●  
       ●
       ●

 5-form flux 

 3-form flux 

 twist

〈Fklmpq〉

Habc −→ fab
c −→ Qa

bc −→ Rabcduality chains
20 84 84’ 20’

912

〈Hα
klm〉

fkl
m



duality covariant formulation

4D
 ▹ duality group E7

           ▹ 912-dimensional orbit of gaugings 
 ▹ contains fluxes, twists, non-geometric compactifications 

descending in dimension — increasing the duality group

2D  

 ▹ infinite dimensional duality group  E9


 ▹ integrability 
 ▹ infinite dimensional parameter space of deformations
 ▹ contains  ....  
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2D: duality covariant formulation

                       IIA                        IIB                                10D

● 
  ●

   
● 

  ●

dualities
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T8 T8

“T–duality”                                          2D

different field content (scalars)
different off-shell symmetries

Dµ = ∂µ −Bµ
KΘK

β tβDµ = ∂µ −Aµ
MΘM

α tα

no vector fields  →  only “non-standard” gaugings 

                                             gauging of non-target-space isometries!

flu
xes, .

..

twists, ...
non-geom, ...

flu
xes, .

..

twists, ...
non-geom, ...



▸  Lagrangian

                       coset space sigma model coupled to dilaton gravity

▸  field equations

▸  duality

                                              defines a set of dual scalars

       continues to an infinite tower       ➜  integrability

2D: supergravity and integrability
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∂µY1 = εµν ρVP νV−1

gµν = e2σ ηµν !ρ = 0 ∂µ
(
ρVPµV−1

)
= 0

metric dilaton scalars

V−1∂µV = Qµ + PµV ∈ E8 /SO(16)
so(16)

L = − 1
4

√
−g ρ

(
−R + tr [PµPµ]

)
+ Lferm



linear system

the equations of motion can be encoded as integrability conditions 
of a linear system                                              

for a function          and the spectral parameter

expansion in w gives rise to the infinite series of dual scalars

2D: supergravity and integrability

V̂−1∂±V̂ = Q± +
1∓ γ

1± γ
P±

V̂(γ)

γ =
1
ρ

(
w + ρ̃−

√
(w + ρ̃)2 − ρ2

)

V̂ = . . . eY3w−3
eY2w−2

eY1w−1
V

∂±ρ = ±∂±ρ̃

∂±Y1 = ±ρVP±V−1

∂±Y2 = −(±ρρ̃ + 1
2ρ2)VP±V−1 + 1

2 [Y1, ∂±Y1]
∂±Y3 = . . .

[Belinskii,Zakharov / Maison]

conserved charges, integrability, ...
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(light-cone-coord.      )x±



affine symmetry algebra  E9

action parametrized by a meromorphic function 

            algebra spanned by

extends to the set of dual scalars     

            gauge part of this nonlinear, nonlocal, on-shell symmetry

2D: supergravity and integrability

Note that one could have used the scalar product ([L−1, Tm
M ], T n

N) to define the central

extension of the algebra above. We want V̂(w) to be in Breitenlohner-Maison gauge,

thus it has no poles at w = ∞ and has a expansion of the form

V̂ = . . . e−Y2w−2

e−Y1w−1 V , (9)

For an algebra element Λ = ΛM(w)tM +λL−1 +κk the symmetry action on the scalars,

including the compensating transformation that restores the BM gauge, is given by

δρ = 0

δρ̃ = λ

δγ(w) = λ ∂wγ(w)

δσ = κ − tr
〈

Λ(w) ∂wV̂(w)V̂−1(w)
〉

w

V̂−1δV̂(w) = λ V̂−1∂wV̂(w) + Λ̃(w) −
〈

1

v − w

(

Λ̃h(v) +
γ(v) (1 − γ2(w))

γ(w) (1 − γ2(v))
Λ̃k(v)

)〉

v

,

(10)

where Λ̃ = V̂−1ΛV̂ and the subscripts h and k denote projection to the compact and

noncompact subalgebra of g = h⊕ k, respectively. From the above transformation rule

of V̂ we find that V transforms as1

V−1 δV =
〈 2γ(w)

ρ (1 − γ(w)2)
Λ̃k(w)

〉

w
, (11)

1The following relation is useful in the computation:

〈〈f(w, v)

v − w

〉

v

〉

w
−

〈〈f(w, v)

v − w

〉

w

〉

v
= 〈f(w, w)〉w .

The formula is true if there are neighbourhoods of w = ∞ and v = ∞ such that the only poles of

f(w, v) within that neigbourhoods are at w = ∞ and v = ∞.
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2

Λ(w)

V̂−1Λ(w)V̂ = Λ̃h + Λ̃k

〈f(w)〉w ≡
∮

dw

2πi
f(w)

—  off-shell

shift 
symmetries

hidden
symmetries}
}

{tαm, L1, k}

m > 0

m < 0
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Lagrangian with vector fields

with covariantized derivatives and a “topological” term

the Lagrangian carries dual scalars and vector fields (topological) 
such that variation w.r.t. the vector fields yields the duality equations

and part of the former on-shell symmetry (non-isometry!) is gauged

                           ➜   fermionic mass terms and scalar potential

gauging D=2 maximal supergravity

L = ∂µρ Dµσ − 1
2ρ tr(PµPµ) + Ltop

Ltop =

2 The gauged Langrangian

We introduce gauge fields Aµ = AM
µ (w)tM + BµL−1 + Cµk. The covariant derivatives

take the form2

Dµρ̃ = ∂µρ̃ − Bµ

Pµ = Pµ −
〈 2γ(w)

ρ (1 − γ(w)2)
Ãµ(w)k

〉

w
,

Dµσ = ∂µσ − Cµ + tr
〈

Aµ(w) ∂wV̂(w)V̂−1(w)
〉

w

V̂−1DµV̂(w) = V̂−1∂µV̂(w) − BµV̂−1∂wV̂(w) − Ãµ(w)

+

〈

1

v − w

(

[Ãµ(v)]h +
γ(v) (1 − γ2(w))

γ(w) (1 − γ2(v))
[Ãµ(v)]k

)〉

v

, (15)

where Ãµ = V̂−1AµV̂. The Lagrangian takes the form

L = ∂µρ Dµσ − 1
2 ρ tr(PµPµ)

+ εµνtr
〈

Aµ(w) (∂νV̂ − V̂Qν) V̂−1 −
1 + γ2

1 − γ2
Aµ(w)V̂PνV̂−1

〉

w

+ εµν
(

Cµ − tr
〈

Aµ(w) ∂wV̂(w)V̂−1(w)
〉

w

)

∂ν ρ̃

− 1
2ε

µνCµBν + 1
2 εµνtr

〈〈 1

v − w
[Ãµ(w)]h[Ãν(v)]h

+
(γ(v) − γ(w))2 + (1 − γ(v)γ(w))2

(v − w)(1 − γ(v))2(1 − γ(w))2
[Ãµ(w)]k[Ãν(v)]k

〉

v

〉

w
(16)

If the following quadratic constraint is satisfied

tr
〈

Aµ(w)Aν(w)
〉

w
+ BµCν + CµBν = (Aµ,Aν) = 0 , (17)

2Since one is used to deal with linear representations, one might wonder whether there are sub-

tleties with the covariant derivative for non-linear representation, but the whole formalism remains

unchanged. Say we have some object X that transforms under some lie algebra, denoting the infinites-

imal transformations as δMX , satisfying the algebra

[δM , δN ] = − fMN
P δP . (12)

Gauging this action we have δΛX = ΛM (x)δMX . The covariant derivative is then defined as Dµ =

∂µ − AM
µ δM . One then finds that in order to have ΛM (x) δM Dµ X = ΛM (x)Dµ δMX we need

(δΛAµ − DµΛM )δMX = 0 ⇒ δΛAµ = DµΛM ≡ ∂µΛM − fNP
MAN

µ ΛP . (13)

One then finds

[Dµ, Dν ]X = −FM
µνδMX = −(2∂[µAM

ν] − fNP
MAN

µ AP
ν )δMX . (14)

However, we will modify δΛAµ and thus also the last equation.
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[Ãµ(w)]k[Ãν(v)]k
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3

δL = δC± (∂±ρ∓ ∂±ρ̃) + tr
〈
δA± (∂±V̂V̂−1 − V̂(Q± +

1∓ γ

1± γ
P±)V̂−1)

〉

w
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group theory

affine global symmetry 

▸ vector fields (nonpropagating in D=2)
   restore by embedding known examples:  basic representation of E9

▸ embedding tensor  linear constraint:
  transforms in the dual representation

➜  infinite-dimensional parameter space of deformations!

gauging D=2 maximal supergravity

{tαm, L1, k} —  off-shell

shift 
symmetries

hidden
symmetries}
}

m > 0

m < 0

χω0 = 1 + 248q + 4124q2 + 34752q3 + 213126q4 + 1057504q5 + 4530744q6 + ...

McKay-Thompson series of class 3C for the monster

Dµ = ∂µ −AMµ ΘMA tA = AMµ ΘN ηAB tAM
N tB
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basic  x  adjoint  =  basic  + ...



▹  flux of 3d Kaluza-Klein vector field 

▹  Scherk-Schwarz reductions from 3d

▹  torus reduction of 3d gaugings

▹   ...?
▹   ...??
▹   ...???

gauged D=2 maximal supergravity
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embedding tensor — basic representation

branching under E8 identifies gaugings of 3d origin

1  

248

4124

34752

213126

1057504

● 
●
●

χω0

▹ grading:  torus size
▹ quadratic constraint 

▹ couplings 
   vector fields & generators ...



couplings

▹  infinite dimensional gauge groups, 
    only a finite part acts on the physical fields

▹  similarly: only finitely many vector fields appear in the Lagrangian

▹  still: infinitely dimensional parameter space!

gauged D=2 maximal supergravity

Dµ = ∂µ −AMµ ΘMA tA

hidden 
symmetries

shift 
symmetries

1  

248

4124

34752

213126

1057504

       ● 
       ● 

       ● ● ●  248   248   248   248   248   248   248   ● ● ●  
1213126
34752
4124
248
ve

ct
or

 f
ie

ld
s
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▹  flux of 11d Kaluza-Klein vector fields 

▹  11d four-form flux

▹  11d seven-form flux

▹   ...?
▹   ...??       ←  SO(9) gauging — S8 compactification

▹   ...???

gauged D=2 maximal supergravity
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embedding tensor — basic representation

branching under SL(9) identifies gaugings of 11d origin

9  

36

126

324

801

● 
●
●

χω0

➜ AdS/CFT ...



▹  flux of 10d Kaluza-Klein vector fields 

▹  10d three-form flux

▹  10d five-form flux

▹  10d seven-form flux

▹   ...??       
▹   ...???

gauged D=2 maximal supergravity
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embedding tensor — basic representation

branching under SL(8) x SL(2)  identifies gaugings of 10d IIB origin

(8,1)  

(8,2)

(56,1)

(56,2)

(224,1) + (8,3)

● 
●
●

χω0



conclusions / outlook

‣ maximal D=4 supergravities
▹ electric/magnetic vector fields and 2-form tensor fields 
▹ duality covariant description:  912-dimensional orbit 

‣ maximal D=2 supergravities
▹ infinite-dimensional parameter space of deformations (E9) 
▹ universal Lagrangian  (encodes linear system)
▹ new examples of effective actions  (IIA on S8)

‣ scalar potential
▹ on an infinite-dimensional moduli space

‣ T-duality
▹ gauging non-target space isometries

‣ higher dimensional origin ?
▹ infinite-dimensional parameter space of deformations! 
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