
 
 Stan Brodsky,  SLACBLM Scale SettingDESY 9-12-05 1

The Renormalization Scale Problem
• No renormalization scale ambiguity in QED 

• Running Gell Mann-Low-Dyson QED Coupling 
sums all Vacuum Polarization Contributions

• QED Scale Identical to Photon Virtuality

• Examples: Lamb Shift, muonic atoms, g-2

• No renormalization scale ambiguity in EW 
theory 

• Dressed Skeleton Expansion
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How does one set 
scale Q?
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Electron-Electron Scattering

• No scale ambiguity!   Two separate scales.     
Gauge Invariant.  Dressed photon propagator

• This choice sums all vacuum polarization, 
nonzero beta terms into running coupling.

• If one chooses a different scale, one must sum an 
infinite number of graphs -- but then recover 
same result!  

• Number of active leptons correctly set -- all t, u.
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M(e+e− → e+e−) ∝ α(s)

Has correct analytic / unitarity thresholds for
ImM at s = 4m2

"+"−

No other scale correct. If one chooses an-
other scale, e.g.,

µ2
R = 0.9s,

then must resum infinite number of vacuum
polarization diagrams.

Recover α(s).

QCD → Abelian Gauge Theory

limNC → 0 at fixed α = CFαs, n" = nF/CF

e+e− → p# p
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Novel Phenomena in QCD
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QCD Lagrangian

limNC → 0 at fixed α = CFαs, n" = nF/CF

e+e− → p# pQCD → Abelian Gauge Theory

limNC → 0 at fixed α = CFαs, n" = nF/CF

e+e− → p# p

Huet, sjb
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BLM Scale Setting

Use nf  dependence at 
NLO to identify AVP

Skeleton expansion:
Gardi, Rathsman, sjb
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Features of BLM Scale Setting
• All terms associated with nonzero beta function 

summed into running coupling

• BLM Scale Q* sets the number of active flavors

• Only nf dependence required to determine 
renormalization scale at NLO

• Result is scheme independent: Q* has exactly the 
correct dependence to compensate for change of 
scheme

• Correct Abelian limit

•
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Features of BLM Scale Setting

• All terms associated with nonzero beta function 
summed into running coupling

• Resulting series identical to conformal series 

• Renormalon n! growth of PQCD coefficients 
from beta function eliminated!

• In general, BLM scale depends on all invariants
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.

BLM scales for DIS moments
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Relate Observables to Each 
Other

• Eliminate Intermediate MSbar scheme

• No scale ambiguity 

• Transitive!

• Commensurate Scale Relations

• Example: Generalized Crewther Relation



 
 Stan Brodsky,  SLAC

DESY 9-12-05
BLM Scale Setting

14



 
 Stan Brodsky,  SLAC

DESY 9-12-05
BLM Scale Setting

15

Apply BLM -- Amazing Simplification
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Geometric Series in Conformal QCD
Generalized Crewther Relation

Lu, Kataev, Gabadadze, Sjb
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PMS violates 
transitivity



 
 Stan Brodsky,  SLAC

DESY 9-12-05
BLM Scale Setting

21

Transitivity of the renormalization group im-
plies predictions for a physical observable O
cannot depend on choice of intermediate renor-
malization scheme,

e.g., choice of αMS or αmom.

dO
dµscheme

= 0

Transitivity of the renormalization group im-
plies predictions for a physical observable O
cannot depend on choice of intermediate renor-
malization scheme,

e.g., choice of αMS or αmom.

dO
dµscheme

= 0

Transitivity of the renormalization group im-
plies predictions for a physical observable O
cannot depend on choice of intermediate renor-
malization scheme,

e.g., choice of αMS or αmom.

dO
dµscheme

= 0

not

dO
dµrenormalization

= 0

not

dO
dµrenormalization

= 0
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PMS and 
FAC 

methods 
give 

unphysical 
scale 

dependence

Kramer & Lampe:
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•  Guess arbitrary renormalization scale and take arbitrary 
range.    Wrong for QED and Precision Electroweak.  

• Prediction depends on choice of renormalization scheme

•  Variation of result with respect to renormalization scale 
only sensitive to nonconformal terms; no information on 
genuine (conformal) higher order terms

• Conventional procedure has no scientific basis.

• FAC and PMS give unphysical results.

• Renormalization scale not arbitrary!  Sets # active flavors

Conventional renormalization scale-setting method:
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Use BLM!
• Rigorous method: Satisfies Transitivity,  all aspects of RG

• Preserves Conformal Template

• Physical Interpretation of Scales

• Correct Abelian Limit 

• Eliminates unnecessary source of imprecision of PQCD 
predictions

• Commensurate Scale Relations:  Fundamental Tests of 
QCD free of renormalization scale and scheme 
ambiguities

• BLM used in many applications, LGTH, BFKL, ...
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Use Physical Scheme 

• Use Observable to define QCD coupling or Pinch 
Scheme

• Analytic: Smooth behavior as one crosses new 
quark threshold

• New perspective on grand unification

Binger, Sjb 
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self!energy!like

projection

self!energy!like

projection

self!energy!like

projection

Figure 3: Pinch-technique for QCD at 1 loop. The unique gluonic self-energy-
like projection of the vertex and box graphs yield terms which must be added to the
conventional self-energy to get the PT effective charge.

where ηPT−DRED
p ( Q

mp
) = ηp are the constants given in Table I for massive fields and

ηg = 64/33 for massless spin 1 fields9. The fact that these ηO
p (Q/m) functions are

constants is what makes the PT observable the most simple and natural choice for
defining an effective charge scheme. More general physical effective charge schemes
(see Eqs.(8,9,10)) have more complicated running due to the ηO

p (Q/mp) terms. The
calculation of α̃(Q) has been performed using dimensional reduction (DRED), rather

9We will use ′W ′ or ′1′ subscripts to denote massive spin 1 fields and a ′g′ subscript for massless
spin fields. The constants 64/33 and 40/21 are related straightforwardly. In general, for a massive
gauge boson W in the representation R of group G that is being considered and representations R′

in additional group factors G′, we have

βW =
11

3
C(R)d(R′) − 1

6
C(R)d(R′) =

7

2
C(R)d(R′) (20)

and

ηW =
1

βW

(
11

3
C(R)d(R′)

(64

33

)
− 1

6
C(R)d(R′)

(8

3

))
=

40

21
. (21)

13

Pinch Scheme -- Effective Charge
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Abstract

In a physical renormalization scheme, gauge couplings are defined directly
in terms of physical observables. Such effective charges are analytic functions
of physical scales, and thus mass thresholds are treated with their correct ana-
lytic dependence. In particular, particles will contribute to physical predictions
even at energies below their threshold. This is in contrast to unphysical renor-
malization schemes such as MS where mass thresholds are treated as step
functions. In this paper we analyze supersymmetric grand unification in the
context of physical renormalization schemes and find a number of qualitative
differences and improvements in precision over conventional approaches. The
effective charge formalism presented here provides a template for calculating
all mass threshold effects for any given grand unified theory. These new thresh-
old corrections may be important in making the measured values of the gauge
couplings consistent with unification.
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Figure 6: Asymptotic Unification. The solid lines are the analytic PT effective
couplings, while the dashed lines are the DR couplings. For illustrative purposes,
α3(MZ) has been chosen so that unification occurs at a finite scale for DR and
asymptotically for the PT couplings. Here MSUSY = 200GeV is the mass of all light
superpartners except the wino and gluino which have values 1

2mg̃ = MSUSY = 2mw̃.
For illustrative purposes, we use SU(5).

and

δH
i =

∑
h∈H

1

4π
β(h)

i log
m2

h

M2
X

. (32)

The exact 1-loop analytic light threshold corrections are contained in ∆L
i , while the

heavy threshold splittings are contained in δH
i , with some arbitrarily chosen heavy

mass MX which is conveniently taken to be the mass of heavy gauge bosons.
It is useful to verify that predictions for lX and α3(MZ) are invariant under the

choice of physical renormalization scheme. In performing the calculation, one must
use the fact that the ηO

p functions do not depend on the gauge group or representation
of p, only the spin. These are necessary (but not sufficient) conditions for the sum
rule in Eq.(11). This scheme equivalence does not extend to unphysical schemes such
as DR, though the errors are quantifiable.

Due to the physical renormalization scheme invariance, we may choose the simplest

21

Binger, sjb
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Factorization scale

• Arbitrary separation of soft and hard physics

• Dependence on factorization scale not associated 
with beta function - present even in conformal 
theory

• Keep factorization scale separate from 
renormalization scale

• Residual dependence when one works in fixed 
order in  perturbation theory.
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not

dO
dµrenormalization

= 0

µfactorization != µrenormalization

dO
dµfactorization

= 0

at all orders

not

dO
dµrenormalization

= 0

µfactorization != µrenormalization

dO
dµfactorization

= 0

at all orders


