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Introduction

e Does QCD correctly describe the strong interactions?

e QCD: formulated as a theory of quarks and gluons
coupling: G°

quark masses: my, f{=wu,d,s,...

° weakly coupled quarks and gluons:

et+p—e +X

as(Mz) =0.1171 £ 0.0017(expt) £ 0.0017(syst)

o bound states of quarks and gluons:
oK, ... p, K* . PY LAY G(?)

™ — uty,

fo+r =130.7 £ 0.1 £ 0.36 MeV



e Can we connect the low- and high-energy regimes
of QCD?

— stringent tests of QCD
— predict parameters of SM

e Relating low- and high-energy regimes must go
beyond perturbation theory

— Lattice QCD

e Problem: large scale differences are involved



Outline:

(1) Lattice Primer

- Basic concepts & definitions
- Why realistic lattice calculations are hard

(2) Scale dependence in QCD

- Renormalisation Group
- QCD in a (small) box
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- Running coupling
- Strange quark mass
- Moments of quark distribution functions

(4) Summary & outlook

(See also: Rainer Sommer, HW, physics/0204015)



. Lattice Primer

Lattice formulation: replace continuous Minkowskian
space-time with discretised, Euclidean version:

lattice spacing a, a !~ Ayy
finite volume L3 T

Lattice action:

S[U, v, ] = Sg[U] + Sp[U, v, ]

Expectation value:

z = [ D@D e el Slv
= /D[U] Hdet(ﬂ—i—mf) e~ SclU]
]
— i —Sa|U]
Q) = Z/HdUM(a;)Q [ [det (P +my)e
T, f

— allows for stochastic evaluation of (€2)
— gauge invariant regularisation procedure

— definition of observables does not rely on
perturbation theory



Why realistic QCD simulations are hard

(1) Inclusion of dynamical quark effects:

cheap

expensive

det(P +my) =1: Quenched Approximation

— neglect quark loops in the evaluation of (€2).

“full” QCD
Cost: =100 — 1000
0S quenched QCD




e Light hadron spectrum in quenched QCD:

CP-PACS Collaboration, Phys. Rev. Lett.84 (2000) 238

Light Hadron Spectrum in Quenched QCD
final results from CP-PACS
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— Quenched QCD describes the light hadron
spectrum at the 10% level.



(2) Restrictions on quark masses:

a<mit <L

— must extrapolate to m,, mq and my,
— guidance from ChPT, HQET

(3) Lattice artefacts (cutoff effects)
<Q>Iat _ <Q>cont + O(ap)

— need to extrapolate to continuum limit: a — 0
— fast convergence to c.l. for large p

(4) Limitations on energy range:

Typical number of sites: L/a <32
Required volume: L 2 1.5fm

This implies

a2 005fm, = u< a ! < 4GeV



Il. Scale dependence in QCD
Renormalisation Group:

e Scale dependence of masses and couplings
described by RG equations:

.
u% — 8@, B@ =—-50—7bi...
om

Ma = 1(g)m, 7(9)= —g°dy —G'dy . ..

e From the solution in the asymptotic regime one
can define

A — llm {ﬂ(bO§2)_bl/2b% e—1/2b0§2} 7
ft—00

M = lim {m(2b0§2)‘d0/ 260}
pt—00

M : RG- quark mass

e Simple relation between different schemes at high
energies:

N=kA  M=M

— can use any scheme to compute A and M.



e At low energy scales the running of g, m needs to
be determined

o Lattice: p<a ! S4GeV
= hard to make contact with Perturbation Theory

Solution:

e Formulate QCD in a finite volume of size L*:

masses and couplings run with box size L:

p=1/L <a?

e Can arrange calculation such that all reference to
finite volume drops out in the final result.

Approach applied by the

ALPHA

Collaboration

(HU Berlin, CERN, DESY, Milan, MPIl Munich,
NIC/DESY, Rome II)



QCD in finite volume

(a) L>2fm

Single hadrons unaffected by volume effects

(b) L S 1.5fm

Hadrons “feel” finite extent;

masses are shifted by terms oc e =7 %

(c) L S0.5fm
— Hadrons cease to exist:
— quarks and gluons in “femto universe”
— As L becomes arbitrarily small one enters the short
distance regime of QCD:
L — 0 implies g>—0

— regard = 1/L as renormalisation scale
— QCD is well defined in femto universe;

specify suitable boundary conditions
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The Schrodinger Functional:

e Realisation of QCD in a finite volume;
box size L*.

— periodic boundary conditions in spatial directions
— Dirichlet boundary conditions in time direction:

B Cr(x), 0=20
Ap(z) = { C.(x), zo=L
C, C" : classical colour-electric field
s
N
L N

time T

Ov
™~
—_—

space
(LXLXL box with periodic b.c.)

e Definition of the running coupling:

g5 (L) = <%%> / <Z—5> ) Zm
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I1l. Results: The running coupling

e Define o
9 (2L) = 0(2,75¢ (L))

e 0 describes the change in gi when the
renormalisation scale is changed by a factor 2.

e Can compute o over several orders of
magnitude

g°(2L)
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e Continuum limit is reached by repeating each
step for different lattice resolutions

ge(2L) T~ T T T T T T T T
3.5 —} ................................... - %§ ...... g 5 _
341 7%(L)=2.4484 N,=0 E

o T T e or o oz
a/L

e Successive application of ¢ yields
scale evolution of Gf;

Quenched approximation:

_IIIIII I I IIIIII| I I IIIIII| I I IIIII_I

0.3 -

( ) - e SI scheme, N;=0 i
oL B i
B -—-—- 2-loop i

0.2 :_ —— 3-loop _:
0.1 F -
:IIIIII | | IIIIII| | | IIIIII| | | IIIII:I

1 10 100 |, [GeV]

e Extract Asp using perturbative RG functions for
1 2 100 GeV
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e At L = L. the matching with infinite-volume
physics is performed:

AsF Limax = 0.211(16),  Lumax fic = 0.291(6)
Asp = 0.48811(1) Ayrg

0) _
= AM_S = 238 £ 19 MeV

e Including dynamical quark effects: Ny =2 :

0.2

IIII| | | IIIIII|
10 100

1000 1 /A

e Relation of L.« to fk not yet computed for
N; = 2 (ALPHA Collab, Phys. Lett. B515 (2001) 49),

and in preparation)
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Results (cntd.): The strange quark mass

e PCAC relation:
fxmic = (17, + 772 {Ofwyss| K )

e Must relate the lattice density (u7y5s)1as to the
renormalised density in the MS scheme:

(EVSS)M—S — ZP(QO; CW) (5758)1%
g (2 4
Zp(go,ap) = 14+2{2In(ap)+ C} + O(gp)

e Normalisation condition for the pseudoscalar
density (SF < lat):

Zp(go.a/L) = e/ 1/ fo(2)

zo=L/2
fp, f1 : correlation functions in Schrodinger
functional:
Y e )
N
—_—

space
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e Step scaling function:

~ Zp(2L)
- Zp(L)

e Evolution of the running quark mass (quenched!)

m(u)/M
SkF-scheme, N,=0
0.8
0.6
|||||| |||||| |||| |
10! 102 103
e At the lowest energy one has /A
M
— (2L ax) = 1.157(15
= (2L = 1157(15)
e Renormalised PCAC relation:
M+M, M 1 .
+ - % _mP —|—O<CL2)
fK msr Zp  (0|yss|P)

mp=—myg
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e Continuum extrapolation of (]\/Z—I— M)/ fx
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e Convert into m"°(2 GeV) using

fi = 160(2) MeV,
M,/M =244+15, (ChPT)

mMS(2GeV)/M = 0.7208, (4-loop)

— | mMS(2GeV) = 97 + 4 MeV

(Capitani, Liischer, Sommer, HW, Nucl.Phys.B544 (1999) 669)
(Garden, Heitger, Sommer, HW, Nucl. Phys. B571 (2000) 237)

— Ny = 2 :In preparation <«
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Results (Ctnd.): Moments of PDF’s

e Study more complicated cases:

Moments of

!

Matrix elements of local operators between
hadronic states

e Focus on the simplest case:

— PDF for the pion
— twist-2, non-singlet operator

— — 3
M1M2 — %Qﬂ( )7{M1 D o3 %w(x)

e Renormalised average momentum:

<£B> o <7T p ’Omuz‘ 7T;ﬁ>
1 a
05m( )= O

ZO(QO,CLM) K12

e Schrodinger functional set-up:

folzo) = Zﬁ <Oiba1tu2( )

Zo(L) = k fo(zo) /v f

00(2,9°) = ZZC;((Qf;

8l
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e RGI matrix element:

Opinz) = O - 177 (1)
@) = (@)

X expd — 7 dg [7(9) _ 70}
0 B(g)  bog

e For large 1 = 1/L the r.h.s. is scale-independent:

(OSF, (1)) 1P @3 (L) 1—o  (ORSE)

<O/§Eu2 (Lmax)> <OEEM2 (Lmax)>
- T ]
[ «g(L/4) i
1.3 [~ B —
i g(L) i
-8 | §
1.2 - —
i % i
11y f Pt } } } % }
1
E | | llHH‘ | | llHH‘ | L [ 11T

10 100
1/ 1y

(Guagnelli, Jansen, Petronzio, Phys.Lett. B459 (1999) 594)

= (ORSIY/(OSY (Liax)) = 1.11(4)

H1H2 H1H2
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<@$4Ly:Z;L)g%MT% Ps)| +0(a)

F1 12 S
— involves chiral extrapolation to physical pion

e Continuum extrapolation

04 T T T T T T T T T T T
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SO
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a

(Guagnelli, Jansen, Petronzio, Phys.Lett. B493 (2000) 77
K Jansen, hep-1at/0010038)

T)sp (Lmax) = 0.20(2)

()
(T)rar = 1.11(4) - (%) gp (Lmax) = 0.22(2)
(%) 318
(@)

@p]

(1= 2.4GeV) = 0.30(3)
(1= 2.4GeV) = 0.23(2)
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e Quenching effects?, chiral extrapolations?
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. Summary & Outlook

Gap between low- and high-enery regimes in QCD
can be bridged

Lattice simulations + Finite-size scaling
Accuracy in the
(quenched approximation):

8% for A-parameter
4% for miq

10% for (x)

Remaining systematics are due to
— Quenched approximation

— Quark mass dependence

In future we can expect:

— determinations of other quantities

— investigation of quark mass dependence (smaller
masses, combine with ChPT)

— extension to simulations with dynamical quarks
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