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Abstract

In this paper we consider a klystron-like mechanism
of amplification of parasitic density modulations in an
electron bunch passing a magnetic bunch compressor.
Analytical expressions are derived for the small-signal
gain. The main emphasis is put on analysis of coherent
synchrotron radiation (CSR) effects.

1 INTRODUCTION

Magnetic bunch compressors are designed to obtain
short electron bunches with a high peak current for
linac-based short-wavelength FELs [1, 2, 3, 4, 5] and
future linear colliders [5, 6, 7]. The basic principle
of compression is very simple. A relativistic electron
bunch accumulates energy chirp while passing RF ac-
celerating structures off-crest and then gets longitu-
dinally compressed due to an energy-dependent path
length in the magnetic compressor (for instance, in
a chicane). Since, however, electron bunches are very
short and intensive, collective effects like coherent syn-
chrotron radiation (CSR) [8] can seriously influence
beam dynamics in compressors [9].

In the recent experiments with bunch compressors
[10, 11, 12] and in numerical simulations [13] the
strong high-frequency perturbations of longitudinal
phase space has been observed. The self-consistent
simulations [14] of beam dynamics in the TESLA Test
Facility (TTF) bunch compressor chicane (BCC), tak-
ing into account CSR effects, have also shown phase
space fragmentation. It has been explained by strong
enhancement of CSR, effects due to the locally peaked
(non-Gaussian) density distribution created during
compression process because of RF nonlinearity (see
also [15]).

It has been pointed out in [14, 16] that another
mechanism can be considered which is also relevant
for the ideal linear RF modulation (or, even without
modulation). Namely, high-frequency components of
the beam current spectrum (higher than typical in-
verse pulse duration) cause energy modulations at the
same frequencies due to wakefields. The energy mod-
ulation is converted into an induced density modula-
tion while the beam is passing the bunch compressor.
If the wakefields are strong enough, the induced mod-
ulation can be much larger than the initial one. In

other words, the system can be treated as a high-gain
klystron-like amplifier. The general tendency is that
higher frequencies (to some extent) are going to get
amplified stronger so that they may become much bet-
ter pronounced in comparison with the case of undis-
turbed compression. Thus, the electron beam is po-
tentially unstable and its longitudinal phase space can
be essentially modified.

In this paper we study such a mechanism analyt-
ically in linear approximation. Since it is difficult
to measure (simulate) small high-frequency perturba-
tions in the initial state of the beam, one cannot ex-
actly predict its final state. Thus, our goal is to cal-
culate (estimate) the gain as a function of frequency.
If the gain 1s large then one may expect significant
modifications of longitudinal phase space in the bunch
compressor, and vice versa. In section 2 we study the
dynamical aspect of the problem assuming linear en-
ergy chirp along the beam and the given amplitude
of parasitic energy modulation at some frequency. In
section 3 we consider the case when these energy per-
turbations are created due to wakefields upstream of
bunch compressor. In section 4 we study CSR in the
bunch compressor chicane. In section b we estimate
effective density modulations due to the shot noise in
electron beam. A numerical example is presented in
section 6.

2 COMPRESSION OF THE BEAM WITH
LINEAR ENERGY CHIRP AND
SUPERIMPOSED SINUSOIDAL

MODULATION

In this paper we consider 1-D model of the electron
beam. An undisturbed phase space distribution of the
beam with dc current, linear energy chirp along the
beam and Gaussian energy spread can be described
with the following function:
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where z is the coordinate along the beam (particles
with positive values of z are placed behind the particle
with z = 0), y0 = &/ (me?) is the nominal energy in
units of the rest energy, m is electron’s mass, vo > 1,



¢ is the velocity of light, 6y = (£ — &)/ (me?) is the en-
ergy deviation from the nominal value, 0, = o¢/(mc?)
is the rms local energy spread, h = d(67y)/(yod z) de-
scribes linear energy chirp along the beam, I is the
beam current. Normalization is chosen in such a way
that after integration over dy we get the current. We
assume g to be large and consider small energy de-
viations §y < 4o although formally we let §y extend
from —oo to oo. The model of dc current allows us
to exclude edge effects from consideration and to deal
with small sinusoidal modulations.

To describe phase space transformation in the bunch
compressor we assume a linear dependence of path
length in the compressor on dv/vo described by the
element of a linear transfer matrix:
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Then a particle position in the beam before and after
compression, z; and z¢, are connected by
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Therefore, to describe the final state of the beam we
should substitute z in (1) by z — Rsed7y/v0. Then the
new distribution will have the form of (1) where I, o,
and h are substituted by C'I, Co.,, and Ch, respec-
tively. Here C' is the compression factor:
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For compression one should provide AR5 < 0. For
instance, Rsg < 0 for the chicane so that A has to
be positive in this case. In addition, in this paper we
restrict our consideration by the condition 14 hRss >
0, 1.e. the beam is undercompressed.

Now let us consider an energy modulation at some
frequency w on top of the linear chirp. In front of the
bunch compressor the phase space distribution has the
form:
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where k = w/c and Ay is the amplitude of energy
modulation. As it was done above, we substitute z
by z — Rs607 /70 to describe the change of distribution
function in the bunch compressor. Then we integrate
over §v in order to get current as a function of z:
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After change of variables # = [6y(1 + hRss) — hyo2]
the integral takes the following form:
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The integral of such a form i1s known to describe the
process of density bunching starting from initial sinu-
soidal energy modulation but without linear energy
chirp (see, for instance, [17]). Making integration and
Fourier expansion, one gets:
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Here J, is the Bessel function of nth order. With-
out compression (h = 0, C' = 1) the expression (2) is
reduced to the well-known one [17].

Analyzing (2) we see that the frequency range (of
initial modulation), in which the beam can be effec-
tively bunched, is limited by k < (C'Rseo+/70)7".
Within this range the condition Ck|Rse|Avy/v0 > 1
means that the beam 1s completely bunched and the
phase space is fragmented. For k ~ (C'Rs60+/v0)7!
this happens when Ay > o,. It is worth mention-
ing that o, always stands for the initial energy spread
(before compression).

In this paper we will use linear approximation as-
suming that C'k|Rss|Av/v0 <« 1. In other words,
we will look for a small-signal gain. This leaves us
with only the first harmonic of the beam current

(J1(X) ~ X/2):
I(z) = CIy [1 + pina sgn(Rss) cos(Ckz)] ,  (3)
where sgn(Rss) is the sign of Rse and ping is the am-

plitude of the first harmonic in the final state of the
beam:
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We have considered here the model of infinitely long
beam. The results of this paper can be used for a
bunch with finite length ¢ as soon as the following
condition 1s satisfied:

ko> 1. (5)



3 WAKEFIELDS UPSTREAM OF A
BUNCH COMPRESSOR

Let us assume that upstream of the bunch compres-
sor there is a small density perturbation p; at some
frequency:

I(z) = Ip [1 + picos(kz)] . (6)

Due to some wakefields upstream of compressor the
beam gets modulated in energy at the same frequency
with the amplitude Avy. Describing the action of wake-
fields by longitudinal impedance Z(k) we can connect
the amplitudes of energy and density modulations as
follows:

|1 Z (k)| To

Ay = Zo Ia Pis (7)
where Zy = 377 €2 is the free-space impedance and
Ia = 17 kA is the Alfven current. Then, using (4) we
calculate the amplitude of the induced density modu-
lation at the end of bunch compressor. In general case,
to find final density modulation pr one should sum up
induced modulation and (transformed to the end of
compressor) initial one, taking care of phase relations.
But in this paper we use approximation

pi << pinda K 1.

In other words, pr ~ ping and the gain in density mod-
ulation
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is assumed to be high, G > 1 (otherwise the effect,
considered in this paper, is not of great importance).
Under this approximation the gain depends neither on
phase of Z(k) nor on sign of Rse and is equal to
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For broadband nonresonant wakefields the product
k|Z (k)| is usually a growing function of k. For such
cases the maximal gain is achieved at
o

kot ~ X\ Rsg|C . 9
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The optimal final frequency (when the beam is com-
pressed) roughly does not depend on compression fac-

tor C'. A crude estimate for the maximal gain is

Iy |Z(kopt)|
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(10)

The term Iy/(0414) is proportional to a longitudi-
nal brightness (particles density in longitudinal phase
space). In practice the phase space distribution can

be of complex shape. We note that the local energy
spread should be taken for estimations of amplification
effect.

In the considered case the influence of beam emit-
tance € on longitudinal dynamics i1s a second order ef-
fect and is negligible when

keS./B < 1, (11)

where S. is the length of a path through compressor
and [ 1s the beta-function. This condition is always
met in practice.

The formulas of this section can be used when the
effect of wakefields in front of compressor 1s much
stronger than any collective effects inside the bunch
COMPIessor.

4 CSR IN A BUNCH COMPRESSOR
CHICANE

Walkefields can also exist inside bunch compressors.
We consider here coherent synchrotron radiation which
is an intrinsic feature of magnetic compressors. CSR
effects can be minimized there but not avoided. A
CSR-induced beam instability in storage rings has
been investigated in [18]. That instability develops
continuously, in small increments, like most instabil-
ities of relativistic electron beams. We analyze here
quite different klystron-like mechanism of the instabil-
ity in a bunch compressor.

4.1 The model

In this section we consider a simplified case when
the beam is not compressed (no energy chirp: h = 0,
C' = 1). While the formulae of the previous section
are rather general and do not depend on a type of the
bunch compressor, in this section we have to choose
a specific model. We consider a symmetric three-
dipole chicane! where the first and the last dipoles
have the length L4, and the middle one is as long as
2L4. The bending angle in the first dipole 8 is small,
0 = Lq/R <« 1 (R is the bending radius), and the
distance AL between two subsequent dipoles is much
larger then the dipole length:

AL> Lq . (12)

The Rsg can then be expressed in a simple form:

Rse ~ —2AL6%. (13)

To describe CSR we use the steady-state model ne-
glecting transient effects. The domain of validity of
this model can be estimated as:

Lq > (24R*/k)Y/3 (14)

Under limitations, accepted in this section, all the results
are valid for a four-dipole chicane, too.



It is assumed that inequality kR/v3 < 1 always
holds.

We neglect the influence on CSR of transverse beam
size and of the screening effect of the vacuum chamber
requiring that [9, 20]

(R/VHV? < k < (R/o3)Y? (15)

where b is the transverse size of vacuum chamber and
oy 1s that of electron beam. Since we analyze the
dynamics inside bunch compressor we cannot use the
condition (11) for neglecting emittance effect on lon-
gitudinal dynamics. The relevant condition will be
presented below. We also neglect here collective trans-
verse forces [19].

Under the conditions (14) and (15) the module of
CSR impedance in the first and the last dipoles can
be expressed as [20]

1Z(k)| _ |Z(k)|La _ 20(2/3) Lak'/?
Zy Zy - 343 R3O (16)

and in the middle dipole it 1s two times larger. Here
Z1(k) is the impedance per unit length and T'(...) is the
complete gamma-function, I'(2/3) ~ 1.354.

One can use the impedance (16) to calculate en-
ergy modulation only if the relative change of density
modulation is small on the scale of formation length
(24R?/k)1/3 (see [21] for more details). In our model
the density changes on the scale of Ly and this condi-
tion is equivalent to (14).

4.2

Let us first consider the case when the energy spread
can be neglected. In the framework of the accepted
model we consider the two-stage amplification in the
bunch compressor. The gain is assumed to be large in
each stage.

An initial density perturbation (6) causes energy
modulation in the first dipole (see (7), (16)). This
modulation increases linearly inside the dipole:

?Cold” electron beam
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where s; is a coordinate along the reference trajectory,
s1 = 0 at the entrance to the first dipole. The ampli-
tude of the induced density modulation in the second
dipole can then be calculated using simple generaliza-
tion of formula (4) for ”cold” beam:

(17)
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where s; = 0 at the entrance to the second dipole and
Rs6(s1 — s2) connects energy kick at s; and a change
of position z at s3. Under the condition (12) it is well
approximated by
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Since we assumed that the induced modulation ps
is much larger than the initial one (gain is large), the
change of CSR-induced energy modulation in the sec-
ond dipole can be approximated by

dAy | Z4(k)| 1o
- pZ(SZ) ;
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with negligibly small initial value.
Then we do similar calculations for the third dipole
(s3 = 0 at its entrance):

(21)
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where
AL
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Finally, using (20)-(23) we obtain the total gain as
a ratio between final and initial amplitudes of density
modulation:
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With the help of (13) and (16) we rewrite the ex-

pression for the gain in a different form:

2
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When deriving this expression we neglected density
bunching inside a dipole caused by the energy modu-
lation induced in the same dipole. In other words, we
ignored a self-consistent process inside a dipole which
may eventually lead to an exponential growth of the
modulation. Thorough analysis shows that the expres-
sion (24) is accurate as soon as

La < Ly,

where

1/4
L, = (’YOIjA) / p-1/3R23

In the case when Lgq >» Lg one could expect an ex-
ponential growth inside dipoles with the growth rate
about Lg_l. In practice, however, for any reasonable
set of electron beam parameters, this regime cannot be



achieved because the frequency range will be limited
by the energy spread and/or emittance. The expo-
nential growth (with a different scaling for the growth
rate) inside dipoles of a bunch compressor has been
predicted in [22] but the results of that paper are in-
correct?.

4.3 Gaussian energy spread

Let us first make a simple estimation of the gain.
If we assume that energy modulation happens only in
the first dipole, we can use (with C' = 1) the relations
(9), (10) and (16) to estimate the gain at Gmax ~ go,
where

go = (25)
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Actually, we have two-stage amplification and
should expect the dependence Gy ~ g3. The ac-
curate calculations confirm this estimate. Leaving out
the details of calculations we present here the final re-
sult for the gain

2I%(2/3 -
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and the function f is
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is the error function. For k < 1, when the influence
of energy spread is negligible, we get f(k) ~ k8/3 and
(26) is reduced to (24).

The maximal value of f is achieved at l;'opt =215
and is equal to 1.98. Thus, the maximal gain is

Gmax = 1.16 g2 (28)

in agreement with a simple estimate. The accurate
result (28) differs by less than ten per cent from the
result of ref. [23], although an incorrect assumption of
constant density modulation inside dipoles has been

used in [23].

2 An incorrect equation of longitudinal motion has been used.

4.4  Estimation of emittance effect

One of the limitations due to emittance (15) was
already presented. More stringent limitation, however,
comes from the longitudinal motion inside dipoles?.
Indeed, a particle with an offset x from the reference
orbit moves along the beam:

dz =
ds R’

For a typical offset & ~ /€8 the maximal change of
coordinate z can be estimated at \/¢FLq/R. There-
fore, the above presented results for the gain can be
used if

@ < 1. (29)

The energy spread cuts off the gain at k& ~
07_170|R56|_1. Using (13) we estimate that formula
(26) is valid in the entire wavelength range when

VB < Darkd
Yo R

In other words, transverse size, defined by emit-
tance, should be smaller than dispersion-induced
transverse size in the middle dipole. In opposite
case the cut-off will be defined by the condition k& ~
R/(\/€BLq4). To roughly estimate maximal gain one
can substitute this expression for k into formula (24).

(30)

5 ESTIMATION OF SHOT NOISE
EFFECT

In this paper we considered a bunch compressor as
a high-gain linear amplifier of klystron type. It ampli-
fies initial density modulations within some frequency
band. For broadband wakefields (like CSR) we have
a broadband amplifier with Aw ~ wy, where wq is
some optimal frequency defined by the energy spread
(eventually by emittance). Even without macroscopic
density modulation the initial signal for such an ampli-
fier always exists because of the shot noise in electron
beam.

Let us consider the beam consisting of randomly
emitted electrons with an average current Iy. Its spec-
trum 1s a ”"white” noise which will be filtered by the
amplifier. The time domain fluctuations of the current
at the amplifier entrance within a frequency band Aw
are defined by Schottky formula:

. elgAw
<it>= 2T

: (31)

Since Aw ~ wy 1n the considered case, we can write
down the following expression for relative initial fluc-
tuations:

3The net effect through the whole compressoris of the second
order, see (11).



<> ewy 1

2 " omlp T Ny
where N, is a number of particles per wavelength A =
2mce/wy. Thus, effective initial density modulation due
to the shot noise is

< pl >en= (32)

o1
(pl)sh = \/N_ .
The coherence length for such a broadband system
is about l. ~ 2mc/wg = A. Thus, the effective shot
noise bunching is about inverse square root of number
of particles per coherence length.
Relative amplitude of ac current behind the bunch
compressor is then of the order of

(33)

Gmax

Ny
Due to the lack of coherence this current will constitute
irregular, spiky structure on a time scale of wo_l.

For typical parameters of electron beams one can
estimate (pi)sn at 107%. Thus, for a sufficiently large
gain (especially in a chain of bunch compressors) the
shot noise bunching can become important.

Finally, we note that when simulating bunch com-
pressors with the help of macroparticles approach, one
should eliminate artificial noise connected with a rela-
tively small number of macroparticles. If, for instance,
one uses N, macroparticles in a bunch and they are
distributed in phase space randomly, then the noise ef-
fect will be overestimated by a factor \/ Ny, /Ny, where

Ny, 18 actual number of particles in the bunch.

pr = (34)

6 NUMERICAL EXAMPLE

Let us consider an example of amplification of high-
frequency modulations due to CSR for the case when
the beam goes through the chicane without compres-
sion. Although such a case is not very interesting for
practice, analytical results of this paper can be used
for benchmarking numerical simulation codes. The pa-
rameters of the four-dipole chicane and of the electron
beam are as follows [24]: Lg = 0.5 m, AL = 5 m,
R = 10.35 m, Rss = —0.025 m, electron energy is b
GeV, uncorrelated rms energy spread is 100 keV, rms
bunch length is 20 gm, peak current is 6 kA. In Fig. 1
we present the gain curves for two cases: energy spread
is included (curve 1) and ”cold” beam (curve 2). Tri-
angles (for the beam with energy spread) and circles
(for ”cold” beam) are the results of numerical simula-
tions with 1-D code [25]. One can notice rather good
agreement between analytical and numerical results.

7 ACKNOWLEDGMENTS

We thank R. Brinkmann, M. Dohlus, K. Flottmann,
T. Limberg, Ph. Piot, J. Rossbach and D. Trines for
useful discussions.

1200

1000 K
\

800

¢ 600 / 1‘

400
/
200
/

0.5 1.5 2.5 3.5

. . 4.5
A (um)

Figure 1: The small-signal gain versus modulation
wavelength. Curve (1) was calculated with the help of
the formula (26) taking into account the energy spread
while the formula (24) was used to compute curve (2)
for the ”cold” beam case. Triangles (for beam with en-
ergy spread) and dots (for ”cold” beam) are the results
of numerical simulations [25].
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